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Abstract--Fiske resonances have been measured in a 
rectangular Nb-Al,AlOx,Al-Nb Josephson junction as a 
function of the magnetic field applied parallel to a 
junction side. Due to the high quality factor of the 
junction, many resonant modes could be measured, using a 
special measuring technique. Each mode shows more lobes 
than has ever been reported before. The measured curves 
are in very good agreement with the high Q theory of 
Kulik and Q-values ranging from 40 to 450 have been 
obtained. Probably the surface resistance of the Al/Nb 
barrier dominates the microwave losses in the junction 
barrier at 4.2 K. Losses due to the quasi-particle 
tunneling current can be neglected. 
Fiske resonances in a square junction at a field 
angle of n/4 rad were also measured. Two-dimensional 
resonant modes have been found. The field dependence of 
the (1,l) mixed mode agrees well with the theory of 
Nerenberg et al. 
I. INTRODUCTION 
When a magnetic field is applied to a tunnel 
junction, a steplike structure in  the I-V characteristic 
can be observed. In the few yeurs ul‘ler the discovery of 
these so-called Fiske steps [l], it was quantitatively 
calculated how the stripline modes in a square junction 
interact with the ac Josephson current at a field angle 
of 8 = 0 [2,3]. These calculations are only valid under 
the assumption of a low quality factor Q. A theory for 
unlimited Q was developed shortly after by Kulik [4]. 
Experimental confirmation was given for example by 
measurements on high Q Nb-NbOx-Pb junctions [5]. 
Here measurements on Nb-Al,AlOx,Al-Nb junctions are 
presented and compared with theory. The resulting 
Q-factors will be discussed. 
In addition measurements of Fiske resonances in a 
rectangular junction at a field angle of n/4 are shown. 
Two-dimensional Fiske resonances have been observed. The 
field dependence of the (1,l) mixed mode is also 
presented and compared with the theory of Nerenberg et 
al. [6]. 
11. THEORY 
Fiske resonance steps are caused by the interaction 
between the ac Josephson current and the microwave 
cavity modes in the dielectric barrier of the junction 
[l-41. 
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Consider a rectangular junction with lengh L, width 
W and barrier thickness t in a magnetic field that is 
applied in the xy-plane. Fig. 1 shows the geonelry. The 
one-dimensional case, where a magnetic field H is 
applied along the y-axis (6 = 0)  has first been 
described by Eck et a1.[2] and Kulik [3]. The phase 
difference Q(x,t) in the Josephson cupent j = 
jlsin@(x,t) can be written as $(x,t) = @o + ut - kx + 
@,(x,t), where j ,  is the maximum critical current densi- 
ty, w = 2 e V h  V is the applied dc voltage, k = 2edH/hc, 
d = 2hl + t, and A, is the London penetration depth. 
Combining the Josephson equations with the Maxwell equa- 
tions the following differential equation for $,(x,t) is 
obtained: 
where Xj = (fi8/l6nee3LjIj’ - is the Josephson penetra- 
tion length, c = c(t/&,dj’ is the velocity of the 
standing waves in the junction cavity, and E, is the 
relative dielectric constant. The reduction of the wave 
velocity in an SIS stripline is due to the kinetic 
inductance [7]. The term with the parameter y = I/T 
= o/Q describes the damping due to losses in the system. 
The characteristic relaxation time 7 is proportional to 
the quality factor Q. In the case of small coupling the 
term @,(x,t) can be regarded as a small perturbation and 
is neglected in the right hand term of eq. 1. The resul- 
ting expression for the dc current j,, is a series of 
resonance peaks in the I-V characterlstic at voltages 
V, = nh2/4eL. The magnetic field dependence of the niaxi- 
mum amplitude of the n-th resonance is given by: 
jn(k) = j ,  [ -L ] *.Q.e(k) ,  (2) 
2nnhj  
X / 
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Pig.1: Rectangular tunnel junction in applied field H.  
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with 
)cos(kL/2)) , n = 1,3,5, ... 
Jsin(kL/2)) , n = 2,4,6, ... 
F,,(k) = 4kL x (  
lk2L2-n2n21 
The formula is only valid if j,,(k) is small compared to 
j, (small coupling), i.e. if (L/2nnhj)*Q, << 1. Q,, is 
the quality factor of the n-th mode. 
From eq. 2 we see that the resonances show an 
alternation of minima and maxima as a function of the 
field. The principal maximum of the n-th resonance 
occurs for a field obeying the relation kL = nn. The 
Josephson current, having the well-known Fraunhofer 
pattern, shares these characteristics. It can be 
regarded as the O-th resonance. 
Kulik removed the restriction of low Q and calculated 
jdc in the h i i t  of hj + 00 for unlimited Q [4] 
He arrived at 
for the magnetic field dependence of the maximum ampli- 
tude of the n-th resonance (Jo and J, are Besselfunc- 
i p s ) .  The value a is the solution of he equation 
Jo(42) = a/(Z,F,,(k)), where Z,, = (L/nnhj a. In the 
case of a low quality factor, i.e. for a + 0. Jo(a/2) 
and J,(a/2) will become equal to 1 resp. a/4, and it 
follows that j,,(k) = (j,/4)Znp?(k) . This is exactly the 
low Q expression for j,,(k) in eq. 2. 
The temperature dependent quasiparticle tunneling 
current * should be added as an additional term 
to eqs. k u i d  3. If losses due to this quasiparticle 
current dominate, the quality factor Q,, can be written 
as Q, = on& = o,,RC, where R = R(V,T) is the voltage and 
leniperature dependent quasiparticle tunneling resistance 
V/jw(V,T) at voltage VI and C is the capacitance per 
unit area. 
In the more general case, where the field is applied 
under an arbitrary angle 8 with the y-axis, not only 
one-dimensional cavity modes interact with the ac 
Josephson current, but the full set of two-dimensional 
niodes (n,m) arises. These resonances occur at voltages 
j,,(k) = j,Jo(a/2)JI(a/2)Fn(k> (3) 
112 
V,=- hc In2+ m 2 ( ~ ) * ]  . 
4eL 
(4) 
An expression for the current in this case was calcula- 
ted by Nerenberg et al. [6]. Their result, however, is 
only valid in the low Q 3 approximation. These two- 
dimensional niodes have indeed been observed [8- lo]. 
111. FABRICATION 
The samples are Nb-A1,AlOx,Al-Nb junctions (SNINS- 
type). A multilayer of 300 nm Nb, 3 nm AI, about 1 nm 
Al-oxide, 3 nm AI, and 30 nm Nb was deposited by 
DC-magnetron sputtering [ 1 I ]  zand structured with 
lift-off as a square of 70x70 pm . The junction shapes 
were defined by anodization (SNAP process), for ths 
measured junctions respectiyely a square of 50x50 pni 
and a square of 40x40 pni rotated 4 9  with respect to 
the base multilayer square. Finally, a 165 nm thifk Nb 
counter electrode was deposited of size 60x60 pm . 
1V. MEASUREMENT METHOD 
The measurements were performed in a magnetically 
shielded environment at 4.2 K and 1.6 K. To assure 
Table 1: Qualily factors of 
from measurement 
the quasi-particle t 
minimal distortion of th 
applied perpendicular to 
that are connected to the 
We used a saw-tooth 
dc-offset so that jumping 
larger resonance at a lowe 
this way each resonance 
This method was also us 
For our junclions with very low 
gap current we had to adapt the 
bining it with a bias circuit, 
resistor placed parallel to the 
the junction and a current measu 
V. RESULTS 
The amplitudes of the Fiske resonances of a 50x50 him2 
square junction were nieasured as a function of the 
magnetic field, that was applied along a junction side 
(0 = 0). The j nclion has a critical current of 3.2 mA 
(j, = 128 Ah!). From the good fit of the I,(ti) curve 
with the expected Fraunhofer pattern we conclude that 
the current density arid the field distribution is 
honiogeneous over the junclion area arid a London 
enetration depth h, of about 50 nni can be calculated. 
raking this value for A, we obtain a Josephson 
penetration length A, of 45 pm, thus 2hj is large 
compared to L and self-field effects can be neglected. 
The spacing A V  = 0.18 mV between the Fiske resonances 
(see table 1) gives a C of 0.029~. 
The field dependence of the resonant niudes n = 1 up 
to n = 5 was nieasured at 4.2 K and 1.6 K. The modes 
n = 1, 2 and 3 at 4.2 K, and the niodes n = 3 and 4 at 
1.6 K are shown in fig. 2 and fig. 3, respectively. The 
theoretical curves according lo the high Q theory of 
Kulik are also given. 
At 4.2 K all modes could be measured very well. Only 
the n = 1 and n = 2 modes show an unexplained suppres- 
sion of the pruicipal lobe. The n = 2 and n = 5 mode 
show a so-called zero-field step. Such zero-field steps 
have been reported before [5,12]. They can be described 
theoretically in terms of vortex motion inside the 
junction [13]. 
At 1.6 K modes n = 1 and 2 could not be measured 
well. The juiiction switched to the Josephsoii currtwl or 
to zero field resonances for field values, where the 
resonance was comparatively small. The niodes n = 3, 4, 
and 5 could be measured well. 
We fitted the measured curves with the theory of 
Kulik, using Q as the only free arameter. In all cases 
we used the same values for A,, l,, and C. The Q-value 
that gives the best fit with the measured curve was 
used, In all cases a reasonable good fit is obtained. In 
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Fig.2: Fiske resonance amplitude as a function of the 
magnetic field at 4.2 K. 
Modes a) n = 1, b) n = 2, and c) n = 3. Theoreti- 
cal curves are given by solid lines. 
table 1 the resonance voltages V,,, the fitted Q-values, 
and the Q-values, that can be calculated if the 
quasiparticle tunneling resistance is the dominating 
source of losses, are shown. The measured quality 
factors are about an order of magnitude larger than the 
values Patenib and Nordnian found for high Q Nb-NbOx-Pb 
junctions [5]. 
Possible loss mechanisms in the junction barrier 
cavity determining the Q-factor are the quasi-particle 
tunneling current, the surface resistance of the elec- 
trodes bounding the junction cavity, eome trical non- 
uniformities (e.g. surface roughness!, and radiation 
from the junction. The measured Q-values are a factor of 
about 5 to 60 smaller than the values Qw, calculated 
from the quasiparticle tunneling resistance. Further the 
1200 
1000 
am 
600 
400 
200 
1&o 
lo00 
? 
$800 
j 600 
€ F 
200 
0 
H (Amps)  
Fig.3: Fiske resonance amplitude as a function of the 
magnetic field at 1.6 K. Mode a) n = 3 and b) n = 
4. Theoretical curves are given by solid lines. 
measured Q values do not increase strongly with increa- 
sing mode number as in the case of the calculated Q . 
These are indications that Q is not dominated by &e 
quasi-particle tunneling resistance. 
A temperature dependence of the measured quality fac- 
tors is observed. Since losses due to geometrical non- 
uniformities or to radiation are not expected LO depend 
on temperature, we assume that the losses at 4.2 K are 
dominated by the surface resistance of the Nb/N 
bilayers on both sides of the AZO, cavity. 
A quantitative expression for Q due to surface 
resistance is given in ref.14, where Q is proportional 
to o.JO,, a2 and (T, being respectively the inductive and 
resistive component of the surface conductance. AI 
low temperature (T<TJ2) the quality factor mainly 
depends on temperature through (T,, which falls exponen- 
tially to zero with decreasing temperature. Thus Q in- 
creases with decreasing T as is observed experimentally. 
At 1.6 K, however, temperature independent losses may 
have become important limiting the increase of Q. 
Fiske resonances in a rectangular junction of 
40x40 pm2 have been measured at 1.6 K. The field was 
applied at an angle 8 = x/4. The junction has a critical 
current of 2.1 mA. The sjme values for jc, I,, and I, 
apply as for the 50x50 pn1 junction. 
Both single and mixed modes have been observed. The 
lower index modes are listed in table 2. Especially the 
mixed modes are well pronounced. The voltages at which 
the modes occur differ slightly from the theoretically 
expected values. Some modes, e.g. the (2 ,O)  mode, could 
mode 
n m  
1 0  
1 1  
2 1  
2 2  
3 0  
3 1  
3 2  
3 3  
Vnm 
m e a s .  
(mV) 
0.24 
0.39 
0.56 
0.70 
0.73 
0.80 
0.86 
1.02 
0.24 
0.34 
0.53 
0.68 
0.72 
0.76 
0.86 
1.01 
Table 2: Resonant modes ob2rved in a rectangular 
junction of 40x40 pm in a field at an angle 
of e = d4 .  
not be observed. 
The (1,l) mode, measured at 0.39 mV, is plotted as a 
function of the field in fig. 4, with a curve according 
to the low Q model of Nerenberg et al. for a realislic 
value Q = 200. The places of the extrema agree very well 
with this model. Also the small lobe is correctly pre- 
dicted. The measured resonance amplitude of the main 
lobe shows a large deviation from theory, probably 
because the condition that the resonance current should 
be much smaller than the Josephson current is not ful- 
filled for this high Q junction. 
VI. CONCLUSIONS 
We measured one and two-dimensional Fiske resonances 
in Nb/Al,Al-oxide,Al/Nb Josephson junctions up to the 
5th mode. This is possible because of the measuring 
technique used and the high Q-values in these devices. 
The measurements on one-dimensional modes are very well 
described by the theory developed by Kulik. High quality 
factors, ranging from 40 lo 450, have been found. They 
depend strongly on temperature, indicating that 
microwave losses are dominated by a temperature 
dependent loss mechanism, probably the surface resis- 
tance of the Al/Nb layer adjacent to the dielectric 
barrier. 
The field dependence of the (1, I) mixed mode is well 
described by the theory of Nerenberg et al. The measured 
resonance voltages of the mixed modes are well predicted 
by theory. 
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